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ABSTRACT 
Let GL(n, F) denote the general linear group over a commutative field F. It is well 
known that locally solvable subgroups of GL(n,F) are always solvable, but in general 
locally nilpotent subgroups need ‘not always be nilpotent. The object of the present 
paper is to clarify this situation. For each odd prime p, let Fp be a splitting field for 
XP - 1 over F; and let F, be a splitting field for X4 - 1 over F. Put dp = [F, : F], and 
let ep < co denote the supremum of the set of integers e such that Fp contains a 
primitive p”th root of 1. Then it is shown that: For n > 2 the locally nilpotent 
subgroups of GL(n, F) are all nilpotent if and only if es < co and ep < cc whenever 
pdp < n. Moreover, in the latter case there is a uniform bound on the nilpotence class, 
namely,max{n(ep+1)/dp+l~p=20rpdp<n}. 
INTRODUCTION 
Let GL(n, F) denote the general linear group over a (commutative) field 
F. A theorem due to Zassenhaus and Mal’cev (see [8] and [4]) states that 
each locally solvable subgroup of GL(n,F) is solvable, and moreover there is 
a bound depending only on n on the possible solvable length (see [5] for the 
best bound). Our object here is to describe the corresponding situation for 
locally nilpotent and nilpotent subgroups of GL(n,F). In this case the results 
depend on both the degree n and certain algebraic invariants of F which we 
now define. 
*Research supported in part by the National Research Council of Canada (Grant Number 
A7171). 
LINEAR ALGEBRA AND ITS APPLICATIONS 13, 5-7 (1976) 
0 American Elsevier Publishing Company, Inc., 1976 
59 
60 JOHN D. DIXON 
NOTATION. Let F be a field. For each odd prime p let FP be a splitting 
field of XP- 1 over F. Thus if the characteristic of F is not p, then FP = F ([), 
where { is a primitive pth root of 1. In particular, each of the irreducible 
factors of XP-‘+ . . . + X + 1 over F has degree equal to [F, : F], and so 
[ Fp : F] divides p - 1. For p = 2, let F, be a splitting field of X4 - 1 over F. 
Thus F, = F ([) where 5 is a root of X2 + 1, and so [F, : F] = 1 or 2. Finally, for 
each prime p we put dp (F) = [ Fp : F] andep (F) as the supremum of all e such 
that Fp contains a primitive p”th root of 1. Note that for characteristic p the 
only p-power root of 1 is 1, and so then dp (F) = 1 and ep (F) = 0. Otherwise, 
for odd p, dp (F) 1 p - 1 and 1< ep (F) < CC ; whilst for p = 2, d,(F) = 1 or 2, and 
2< e,F< co. 
REMARK. If F* denotes the relative algebraic closure of the prime subfield 
of F in F, then clearly dp (F*) = dp (F) and ep (F*) = ep (F). In particular, if F* 
is of finite degree over its prime subfield, then ep( F) < co for all p. On the 
other hand when F = R, the field of real numbers, then R, = C for all p, and 
so in this case d,(R)=2 and eP(R)= co. 
The main results of this paper are the following two theorems. 
THEOREM 1. The general linear group GL(n, F) over the field F contains 
locally nilpotent subgroups which are not nilpotent if and only if at least one 
of the following conditions holds: 
(a) e,(F) = 00 and n z 2; or 
(b) for some odd prime p,e,(F)= co and pd,(F) < n. 
THEOREM 2. Let F be a field and n > 1 an integer. Suppose that neither 
condition (a) nor (b) of Theorem 1 holds. Let b,,(F) denote the maximum of 
l+e,(F) 1 
dp (F) +p-1 
taken over p = 2 and all odd primes such that pd,(F) < n. Then each 
nilpotent subgroup of GL(n, F) has nilpotence class less than nb,, (F) + 1. 
REMARK. The bound given in Theorem 2 is fairly crude, but Example 2 
below suggests that it is at least of the right order of magnitude. 
In the following we shall take F as fixed and write dp and eP for d,(F) and 
e,(F), respectively. Our proofs of Theorems 1 and 2 are based on two 
lemmas. 
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LEMMA 1. Let E be a field of finite degree m over F, and let p be a 
prime. Suppose that E contains a primitive p”th root of 1 with e > 1 (and 
e > 2 when p=2). Then E contains a copy of F;,, and dplm. Moreover, 
e < tp + ep, where p $ is the largest power of p dividmg m/d,. 
Proof, Since E contains a primitive pth root of 1 (4th root in the case 
p = 2), the characteristic of F is different from p, and E contains a copy of F,,. 
We may suppose that Fp c E, and then [E : F,] = m/dp and dJm. If ep = cc 
there is nothing more to prove, so suppose that er, < co and put t = e - ep > 0. 
It remains to show that if 5 is a primitive p”th root of 1 in E, then- 
[ Fp ({) : F,] = p ‘. Equivalently we must show that if q is a primitive p 5th root 
of 1 in Fp, then XP’- 77 is irreducible over Fp. 
To do this we shall apply Theorem 16, of [Z, p, 2211, which states: A 
polynomial X n - a over a field K is irreducible over K provided a is not a 
pth power in K for any prime pin and a is not of the form - 4b4 (b E K) 
when 41n. Since Fp contains no primitive p %+ ‘th root of 1 by definition, 17 is 
not a pth power in Fp. Thus the theorem we have just quoted shows 
immediately that XP* - 77 is irreducible over Fp except possibly when p =2 
and t > 2. However, when p = 2, F2 contains a primitive 4th root of 1, say e; 
hence in this case an element of the form - 4 b4 (b E F,) is a square in F,, 
namely (2b E) . 2 2 Thus the theorem quoted above shows that XP’-TJ is 
irreducible over Fp also in the case where p = 2 and t > 2. This proves 
Lemma 1. W 
COROLLARY . Let n > 1 be an integer and E be an extension field of 
degree m over F with min. Then for each prime p we have 
1+ e,(E) ~ m[l+ e,(F)] 
d,(E) d,(F) ’ 
Thus, in the notation of Theorem 2, b,,,(E) < mb,(F). 
Proof. Put I = [E, : F,]. Then Id,(F) = mdp( E), and it follows from 
Lemma 1 that ep (E ) < t + ep (F), where p t is the largest power of p dividing 
1. Therefore, 
I+ e,(E) ~ m[I+ t+e,(F)l 
d,(E) ldp (F) 
n since (1+ t)/Z < (1+ t)/p’< 1. 
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LEMMAS. Let Q be an irreducible finite p-subgroup of order pk, say, in 
GL(m, F), and suppose that ep < 00. Then 
(a)k < m(ep + 1)/d, + (m- l)/( p - 1) if dJm; and 
(b) k < m/( p - 1) if d&m. 
In either case k < m[(e, + 1)/d, + l/( p - l)]. 
Proof. We proceed by induction on m and consider two cases. 
Case 1: Q is primitive. Let A be a maximal normal Abelian subgroup of 
Q. Since Q is nilpotent, A is its own centralizer in Q. By Theorems 2 and 10 
of [6] we have: (i) A generates a field E of degree m over F in the algebra of 
m X m matrices over F; and (ii) Q/A is isomorphic to a group of field 
automorphisms of E over F. Since each finite subgroup of the group of units 
of a field is cyclic, (i) shows that A is cyclic and generated by a primitive 
p “th root 1 of 1 in E for some e > 0. In particular, E = F ({), and so F is a 
Galois extension of E. Thus (ii) shows that ] Q/A] divides [E : F] = m. If pf is 
the largest power of p dividing m, then 1 Q/A I< p ‘. First suppose that d,bm. 
Then by Lemma 1, e =0 (for p odd) and e < 1 (for p =2), so in either case 
E = F (5) = F. Hence m = [E : F] = 1, k = e and (b) is proved. Next suppose 
that d,/m. In this case Lemma 1 shows that e < tp + ep < t + ep, so 1 Q ] = (Q/ 
AllAl< P zt+ep. If t =O, then the inequality in (a) follows because m/dp > 1. 
On the other hand if t > 1, then since dp < p, we have 
de, +1) 
4 
+ m-l 
p-1 
> ep+pt-‘+p’-’ 
> e,+2t, 
and so (a) also follows then t > 1. This completes the primitive case and in 
particular the case m = 1. 
Case 2: Q is imprimitive. Suppose that Q has a system of imprimitivity 
consisting of h subspaces. Then him, h > 1, and there is a normal subgroup N 
of Q such that: (i) Q/N is isomorphic to a transitive permutation group of 
degree h, and (ii) N is isomorphic to a subgroup of the direct product 
Nix. * . X N,,, where each Ni is an irreducible finite p-subgroup of GL(m/h, 
F). It follows from (i) that h divides Q/N and so is a nontrivial power of p. 
The Sylow p-groups of the symmetric group S, have order p”, where 
u=h/p+h/p2+.*. +l=(h-l)/(p-l), and by (i) IQ/N]< p”. Now if 
dpl(m/ h), then we are in case (a) and the induction hypothesis shows that 
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k<h 
m(,+l) 
hd + 
m/h-l 
P 
p-l +” 
I 
4,+ 1) = 
dP 
+m-1 
p-l ’ 
as required. On the other hand, suppose that dJ(m/h). If p is odd this 
means that ( p - l)JXm/ h) , and so the greatest integer Q m/ h( p - 1) is the 
same as that < (m/h - l)/( p - 1). Thus in this case 
k< h(mlh-l) +u= m-l 
\ 
P-1 p-l ’ 
and both the inequalities in (a) and (b) are satisfied. This leaves the case 
where p=2 andd,+(m/h).A s we noted above, h is a nontrivial power of 2, 
and d,lm because d,= 1 or 2; so we must prove the inequality of (a). Since 
d,l( (m/h), the induction hypothesis shows that 
k<hm/h(p-l)+u=m+h-1 
<2m-l<m(e,+l)/d,+(m-1), 
because e2 > 2 > d,. This completes the proof of Lemma 2. 
REMARK. The referee has pointed out two possible refinements of Lemma 
2. Firstly, the case d&m can only occur when m = 1, and then k = 0 except in 
the case p = d, =2 and k = 1. Secondly, the estimates given for k can be 
improved to show that k<m(2+e,)/d,-1 if p=d,=2 and k<m(l+ep)/ 
dp in all other cases. Proofs of these assertions can be obtained by a more 
careful analysis in the proof above, or by using the theory of the Schur index. 
However, it does not appear that these refinements of Lemma 2 significantly 
improve our estimates in Theorem 2. 
The author is also indebted to the referee for a simplification in the proof 
of Lemma 1. 
Proof of Theorem 2. We now turn to the proof of Theorem 2. Suppose 
that Theorem 2 were false, and let G be a counterexample of smallest 
possible degree. Thus G is a nilpotent subgroup of GL(n,F) with nilpotence 
class > nb,, (F) + 1, and over no field is there a counterexample of smaller 
degree. Clearly G is not Abelian. 
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Step 1. We may take G completely reducible. Since G is nilpotent, 
Theorem 7.11 of [7] shows that there are nilpotent subgroups G, and Gd of 
GL(n,F) such that: (i) G C G, X G,; (ii) G, is a group of unipotent matrices 
over F and hence conjugate to a group of upper triangular matrices with all 
diagonal entries 1 (see Corollary 1.21 of [7]); and (iii) G, consists of matrices 
diagonalizable over the algebraic closure of F. It follows from (ii) that G, is 
nilpotent of class <n-l. However, (l+e,)/d,+l>l, so nb,(F)+l>n- 
1. Hence (i) implies that Gd has as large a nilpotence class as G. Moreover, 
since Gd has no normal unipotent subgroups, Theorem 2.4 of [l] shows that 
G, is isomorphic to a completely reducible subgroup of GL(n, F). Since this 
latter. subgroup is of as large a nilpotence class as G, we may assume our 
counterexample is completely reducible. 
Step 2. G is absolutely irreducible. Since G is completely reducible, the 
nilpotence class of G is equal to the nilpotence class of at least one of its 
irreducible components. Hence by the minimality of n, G is irreducible over 
F. Theorem 1.19 of [7] now shows that there is an integer mln and a field E 
of degree m over F such that G is isomorphic to some absolutely irreducible 
subgroup H of GL(n/m,E). But by the Corollary of Lemma 1 we have 
(n/m)b+(E) + I ( rib,,(()+ I, and so H is also a counterexample of 
Theorem 2. By the minimality of n, m = 1 and G is absolutely irreducible 
over F. 
Step 3. n = ph for some prime p, and we may take G/Z(G) a.s a finite 
p-group. Since G is an irreducible nilpotent group, the center Z (G) of G has 
finite index by Theorem 6.5 of [l]. Since G/Z(G) is a direct product of its 
Sylow subgroups, there is a prime p such that the Sylow p-group P/Z (G) is 
such that P has the same nilpotence class as G. Since P is normal in G, P is 
completely reducible by Clifford’s theorem, and so by the argument of step 2 
we know that P is absolutely irreducible. Thus we may take P in place of G, 
and assume G/Z (G) is a finite p-group. Since G is nilpotent, G is an 
irreducible monomial group over the algebraic closure of F (see, for example, 
Theorem 4.6B of [l]), and so its degree n divides ]G/Z (C)l. Thus n = ph for 
some h. 
Step 4. lf p is odd, then dp = 1. Since G is nilpotent, it has a maximal 
normal Abelian subgroup A# 1. By Clifford’s theorem, A is completely 
reducible over F, and its irreducible components all have the same degree: 
m, say, with min. By step 3 we conclude that m is a power of p, say p’. 
Applying Theorem 1.19 of [7] again, and noting that the absolutely irreduc- 
ible consitutents of an Abelian group have degree 1 by Schur’s lemma, we 
conclude that each irreducible component of A over F is isomorphic to a 
subgroup of GL(1,E) for some field E of degree p’ over F. Since A # 1, the 
fields E contain nontrivial p-power roots of 1, and so dpj pr by Lemma 1. But 
dJ( p - 1) because p is odd, and hence d, = 1 as asserted. 
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Step 5. The contradiction. Since G is an absolutely irreducible nilpotent 
group, its derived group G’ is finite with order dividing some power of n, by 
Theorem 6.5 of [l]. Thus the order of G’ is some power, pk say, of p, by step 
3. By Clifford’s theorem, G’ is completely reducible, and its irreducible 
components all have the same degree: m, say. There are n/m components, 
so Lemma 2 shows 
( ep + 1 k<Gm -j--+L 
=n( epd~” 
P-1 1 
-+-L ) 
p-l . 
Moreover, by steps 3 and 4, either p =2 or pdp = p < n. Therefore, k 
< r&,(F). But ys(G)= G’, so the lower central series for G has length at 
most k + 1; that is, G has nilpotence class Q k + 1 < r&,(F) + 1. This 
contradicts the hypothesis that G is a counterexample, and the proof of 
Theorem 2 is complete. n 
PROOF OF THEOREM 1 
Part of the proof of Theorem 1 is based on the following examples of 
nilpotent linear groups of relatively large class. 
EXAMPLE 1. Suppose that F does not have characteristic p, and that Fp 
contains a primitive p”th root 5 of 1 with e > 1. If C, denotes the cyclic 
group of order h, then for any integer t > 1 the wreath product Wz 
= Cp. wr C, t is isomorphic to the subgroup of GL( p ‘, F,) generated by 
5 
1 ! .*. 1 and 
(a diagonal matrix and a p’-cycle). Since dp = [F,: F], we can treat a 
p ‘-dimensional F,-space as a p ‘dp-dimensional F-space, and hence embed 
GL( p t, F,) in GL( p “dPl F).Thus GL( p “d,, F) has a subgroup W, isomorphic to 
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Wz. By Theorem 5.1 of [3], W, is nilpotent of class p ‘- ‘( p - 1)e + p ‘-‘. In 
the case n = p “c$ and eP < cc, this construction gives a nilpotent subgroup of 
GL(n,F) of class >(l- p-‘)nep/dp which may be compared with the 
bound given in Theorem 2. n 
EXAMPLE 2. Suppose that F is not of characteristic 2 and d,=2. Then 
F, = F(E), where e2= - 1. Suppose that F, contains a primitive 2”th root { of 
1, and write { = a + EP (a,/3 E F). Then the subgroup H, of GL(2,F) 
generated by 
X= a P 1 1 and y= -P o 
is a dihedral group of order Ze+i (x and y have orders 2” and 2, respectively, 
and y-‘xy= x- ‘), Therefore, H, is nilpotent of class e. n 
We now turn to the proof of Theorem 1. First suppose that eP = 30 for 
some prime p such that pdp < n. Then from Example 1 (with t= 1) we have 
an ascending sequence W, c W, c . . . of finite p-subgroups of GL( pd,,F) 
with nilpotence class tending to co. The union G = u W, is then locally 
nilpotent, since each finite subset of G lies in some W,; but it is not 
nilpotent. Since GL( pd,, F) can be embedded in GL(n, F), the latter also 
contains locally nilpotent subgroups which are not nilpotent. This shows the 
sufficiency of condition (b) in Theorem 1. On the other hand if p = 2, then 
either d,= 1 or 2. In the first case the example above serves to show that, for 
any n > 2, GL(n,F) has locally nilpotent subgroups which are not nilpotent, 
and in the second case we can construct a similar example using the 
subgroups H, of Example 2. Thus condition (a) of Theorem 1 is also 
sufficient. 
Conversely, suppose that neither condition (a) nor (b) holds, and let G be 
a locally nilpotent subgroup of GL(n,F). Then by Theorem 2 all finitely 
generated subgroups of G lie in the variety of nilpotent groups of class less 
than r&,(F) + 1; hence G satisfies the laws of this variety and so is itself 
nilpotent. This completes the proof of Theorem 1. n 
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